Abstract. The extremal function c K for the variational 2-capacity capðKÞ of a compact subset K of the Royden harmonic boundary R of an open Riemann surface R relative to an end W of R, referred to as the capacitary function of K, is characterized as the Dirichlet finite harmonic function h on W vanishing continuously on the relative boundary @W of W satisfying the following three properties: the normal derivative measure Ãdh of h exists on R with Ãdh = 0 on R; Ãdh ¼ 0 on R n K; h ¼ 1 quasieverywhere on K. As a simple application of the above characterization, we will show the validity of the following inequality hmðKÞ 5 Á capðKÞ 1=2 for every compact subset K of R, where hmðKÞ is the harmonic measure of K calculated at a fixed point a in W and is a constant depending only upon the triple ðR; W ; aÞ.
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The Dirichlet space L 1;2 ðRÞ on an open Riemann surface R is the real linear space of functions f 2 W 1;2 loc ðRÞ with finite Dirichlet integral Dðf; RÞ :¼ R R df^Ãdf of f taken over R (cf. e.g. [3] ). Recall that every function f in L 1;2 ðRÞ \ CðRÞ is ½À1; þ1-valued continuous on the Royden compactification R Ã of R and the extended function will be denoted by the same notation f. The PWB (i.e. PerronWiener-Brelot) solution on R with continuous boundary values ' on the Royden boundary R :¼ R Ã n R is denoted by H R ' as usual. Then the Royden harmonic boundary R is nothing but the set of regular points in R so that lim z! H R ' ðzÞ ¼ 'ðÞ for every ' 2 CðRÞ. Recall a Royden theorem (cf. [7] ) that R 6 ¼ ; if and only if R is hyperbolic (i.e. nonparabolic) characterized by the existence of the Green kernel GðÁ; Á; RÞ on R. Based upon this result, to avoid the trivial case of R ¼ ; from our standpoint, we always assume the hyperbolicity of R throughout this paper. Let W be an analytic end of R in the sense that W is a subregion (i.e. connected and open subset) of R such that R n W (W being the closure of W taken in R Ã ) is an analytic subregion of R, i.e. a relatively compact subregion of R whose relative boundary consists of a finite number of mutually disjoint analytic Jordan (i.e. simple and closed) curves. Thus W is bounded by the relative boundary @W of W and the Royden boundary R which is identical with the ideal boundary W n ðW [ 
for every u 2 HDðW ; @W Þ and for any compact subset E & W [ @W . As one of direct consequences of (1) we see that not only a strongly but also a weakly convergent sequence ðu n Þ n=1 to u in the Hilbert space HDðW ; @W Þ is locally uniformly convergent to u on W [ @W . In fact, replacing u n by u n À u, suppose ðu n Þ n=1 converges to zero weakly in HDðW ; @W Þ. Then, first, ðDðu n ; W ÞÞ n=1 is a bounded sequence as a result of weak convergence of ðu n Þ n=1 and a fortiori (1) assures that ðu n Þ n=1 is locally uniformly bounded on W [ @W . Since u n ðzÞ ¼ Dðu n ; BðÁ; z; W Þ; W Þ yields the pointwise convergence of ðu n Þ n=1 to zero on W [ @W , the Montel theorem in the harmonic version implies the required conclusion.
From the view point of the classification theory of Riemann surfaces, our primary concern is not about the space HDðW ; @W Þ but the space HDðRÞ of harmonic functions u on the whole surface R with finite Dirichlet integrals Dðu; RÞ < þ1 taken over R. However, since Dðc; RÞ ¼ 0 for every constant function c on R, the space HDðRÞ with DðÁ; Á; RÞ as its inner product is only a preHilbert space and not Hilbert space. To compensate this drawback, one traditional way is to consider dHDðRÞ ¼ fdu : u 2 HDðRÞg with ðdu; dvÞ :¼ Dðu; v; RÞ as its inner product. Then it certainly forms a Hilbert space but, on the other hand, we are loosing so much because the important subspace R of real numbers disappears. Therefore, instead, we consider HDðW ; @W Þ in place of HDðRÞ. Our justification of doing this lies in the following two points: first, there is a linear bijection T : HDðW ; @W Þ ! HDðRÞ characterized by T ujR ¼ ujR so that HDðRÞ and HDðW ; @W Þ are identical at least from the view point of linear structures; second, HDðW 1 ; @W 1 Þ and HDðW 2 ; @W 2 Þ are bicontinuously linear isomorphic as Hilbert spaces by the mapping T À1 2 T 1 where T j : HDðW j ; @W j Þ ! HDðRÞ ðj ¼ 1; 2Þ are T considered above so that the choice of the end W is immaterial.
Let K be any compact subset of R. We now consider the capacity of K, or more precisely the variational 2-capacity of K, denoted by capðKÞ relative to an end W given by capðKÞ :¼ inf 
where V ðKÞ is the class of functions f 2 L 1;2 ðRÞ \ CðRÞ such that f = 1 on K and f 5 0 on R n W . Starting from the capacities capðKÞ for compact subsets K & R, we define as usual the outer (inner, resp.) capacity cap Ã ðXÞ (cap Ã ðXÞ, resp.) for general subset X & R and then define the capacity capðXÞ for general subset X & R, if X is capacitable in the sense that cap Ã ðXÞ ¼ cap Ã ðXÞ, by the common value cap Ã ðXÞ ¼ cap Ã ðXÞ. Here recall the Choquet theorem that analytic subsets (and, in particular, Borel subsets) of R are capacitable so that capðKÞ in the general sense coincides with the original capacity capðKÞ given by (2) for compact subsets K & R since capðKÞ is seen to be a Choquet capacity (cf. e.g. [3] ). A subset X & R is said to have capacity zero if cap Ã ðXÞ ¼ 0. In this case X is capacitable and capðXÞ ¼ 0 so that capðKÞ ¼ 0 for every compact subset K & X and vice versa. We also say that a general set X & R is polar if X is of capacity zero. A subset X & R which is not polar is said to be nonpolar. A property on R is said to hold quasieverywhere (abbreviated as q.e.) on R if it holds on R except for a polar subset of R. We can also consider capðKÞ for compact subsets K & R in exactly the same fashion as above but as is easily seen we have capðKÞ ¼ 0 for every K & R n R so that after all capðR n RÞ ¼ 0. This is the reason why we confine ourselves to stay on R in considering the capacity capðXÞ only for subsets X of R.
Let W ðKÞ be the set of u 2 HDðW ; @W Þ such that 0 5 u 5 1 on W and u ¼ 1 on the compact subset K of R so that we can view W ðKÞ & V ðKÞ by setting u ¼ 0 on R 0 :¼ R n W for every u 2 HDðW ; @W Þ. Observe that g :¼ maxfminff; 1g; 0g 2 V ðKÞ along with any f 2 V ðKÞ and Dðg; RÞ 5 Dðf; RÞ. By the Royden decomposition (cf. e.g. [7] ) of g on W , there is a unique u 2 HDðW ; @W Þ with 
for every i and j. Since the convex combination ðu i þ u j Þ=2 2 W ðKÞ, we have Dððu i þ u j Þ=2Þ = capðKÞ and both of Dðu i Þ and Dðu j Þ tend to capðKÞ as i and j 
for every t, which implies that Dðu; u À vÞ ¼ 0. 
DðuÞ: ð6Þ
The purpose of this paper is to characterize c K as the solution of a certain mixed boundary value problem and the following assertion will play a decisive role for the aim. As usual for a class F of functions on a space X we set
PROPOSITION 7 (Fundamental Lemma).
For an arbitrarily given compact subset K & R and an arbitrarily given positive number " > 0 there exists an h " 2 W ðKÞ such that
for every w 2 HDðW ; @W Þ þ and
PROOF. We can find a p 2 W ðKÞ such that DðpÞ < capðKÞ þ "=2. By the Sard theorem that the set of critical values of p is of Lebesgue measure zero, or rather at the present two dimensional analytic case by the fact that the set of critical points of p is discrete, we can find a real number > 1 enough close to 1 such that DðpÞ < capðKÞ þ "=2 and the open subset G :¼ fz 2 W : pðzÞ > 1g has the relative boundary @G consisting of a countable number of mutually disjoint open analytic arcs without end points in W not accumulating in W . Let F be the closure of G taken in R
We define a continuous function u i on W i for each i = 1 as follows. First u i ðzÞ ¼ 1 for z 2 W i \ F . On W i n F we require that u i be given as the harmonic function on W i n F having the following mixed boundary condition: u i j@W ¼ 0; u i j i ¼ 1, and Ãdu i j i ¼ 0.
One of simple ways to construct such a harmonic function u i on W i n F is as follows. Recall that the doubleR i of the analytic subregion R i along its relative boundary @R i is the closed Riemann surface characterized by the following 4 conditions: i) R i [ @R i is embedded intoR i ; ii) the embedding map in i) is conformal on R i ; iii) each component of the image of @R i under the embedding map in i) is an analytic curve inR i ; iv) there exists an anticonformal selfmapping :R i !R i such that is the identity mapping onR i and j@R i is the identity mapping on @R i . HenceR
Roughly speaking the doubleR i of R i along @R i is a symmetric extension of R i across @R i and easily constructed based upon the reflection principle (cf. e.g. [1] ). We can now consider the doubleŴ i of W i formed only along @R i which is nothing but the subregionŴ i :¼R i n ðR 0 [ ðR 0 ÞÞ ofR i so that . Thereforeû i ¼û i on S so thatû i is symmetric about and then the outer normal derivative @û i =@n ¼ 0 on with respect to the region W i n F (and also with respect to ðW i n F Þ). Since Ãdû i ¼ ð@û i =@nÞds ¼ 0 on with the line element ds on . Then u i :1 u i jðW i n F Þ is the required one.
For the time being we view R 0 :¼ R n F as the whole basic surface, W 
for every i 2 N , the set of positive integers. Let i < j. Similarly as above
Hence D 
Hence u 2 HDðW n F Þ \ CðW n F Þ with uj@W ¼ 0 and uj@F ¼ 1. We extend u to R by u ¼ 0 on R 0 and u ¼ 1 on G. Then u 2 CðRÞ. By (10) and (11) we can conclude that
Take an arbitrary w 2 HDðW ; @W Þ þ and we compute Dðw; u; W Þ. Observe that wj@W ¼ 0 and Ãdu i j i ¼ 0 so that
Since 0 < u i < 1 on W i n F and u i j i ¼ 1, we see that the outer normal derivative @u i =@n = 0 with respect to W i n F and thus Ãdu i j i = 0. Hence w Ã du i = 0 on i and Dðw; u i ; W i n F Þ = 0. Then, in view of (11) We are now in the final stage to construct the required h " 2 W ðKÞ with (8) and (9). We apply the Royden decomposition theorem (cf. [7] ) to the function u, which belongs to L 1;2 ðRÞ \ CðRÞ. Let h " be the harmonic part and g be the potential part of u considered on W :
where h " 2 HDðW ; @W Þ \ ½L 1;2 ðRÞ \ CðRÞ with h " jR 0 ¼ 0 and g 2 L 1;2 ðRÞ \ CðRÞ with gjR 0 [ R ¼ 0 and satisfies
for every v 2 HDðW ; @W Þ so that
By the above (17) and (13) we deduce
which shows that h " satisfies (9). Next take any w 2 HDðW ; @W Þ þ and observe by Appealing to this analogy we employ the impressive notation Ãdu though it superfacially has nothing to do with the exterior differential calculus and the term normal derivative measure in the above definition (18). We now show that the capacitary function satisfies a certain mixed boundary condition described below which will turn out to be the characterizing property for the capacitary function later.
THEOREM 19. The capacitary function c K on an end W of an open Riemann surface R for the capacity capðKÞ of any compact subset K of the Royden harmonic boundary R of R relative to the end W of R has the following four properties: first, c K 2 HDðW ; @W Þ; second, c K has the nonnegative normal derivative measure Ãdc K = 0 on R; third, Ãdc K ¼ 0 on R n K; fourth and lastly, c K ¼ 1 quasieverywhere on K. for every w 2 HDðW ; @W Þ. In view of (18), we see, by compareing (18) and (21), the existence of
Thus we have shown that the second property of c K stated in the theorem is valid. Choose any g 2 HDðW ; @W Þ vanishing on K. For any t 2 R, the real number field, v i þ tg 2 V ðKÞ for every i 2 N so that Dðv i þ tg; W Þ = capðKÞ and by making i ! 1 we deduce Dðc K þ tg; W Þ = capðKÞ. Since Dðc K ; W Þ ¼ capðKÞ, we conclude that 
is capacitable as an F -set. It is seen that capðF n Þ " capðF Þ ðn " 1Þ (cf. e.g. [3] ) so that we only have to derive a certain contradiction from the erroneous assumption capðF n Þ > 0 for some n in order to maintain that capðF Þ ¼ 0, which is nothing but the statement c K ¼ 1 quasieverywhere on K. Since Dðc F n ; W Þ ¼ capðF n Þ > 0, we see that 0 < c F n < 1 on W . Let ðp i Þ i=1 (ðq i Þ i=1 , resp.) be a minimal sequence in W ðKÞ (W ðF n Þ, resp.). Then on letting i ! 1 in
we conclude that
so that, by noting 1 À c K = 0 and Ãdc F n = 0 on R, we see that
or, equivalently, R R Ãdc F n 5 0, which contradicts (22), and we are done. Ã
The following assertions are contained in the above proof. Namely, we have the following result.
COROLLARY 23. The capacitary function c K for capðKÞ of a nonpolar compact subset K & R relative to an end W of R satisfies
on W and
We now come to the final stage to state and prove our main result of this paper to characterize the capacitary function as a solution of a certain mixed boundary value problem for the Laplace equation with boundary data on the Royden harmonic boundary (see the announcement [6] ).
THEOREM 26 (The main theorem).
A function h is the capacitary function c K for a compact subset K of the Royden harmonic boundary R of an open Riemann surface R relative to an end W of R, i.e. h ¼ c K , if and only if h satisfies the following four conditions: first of all, h 2 HDðW ; @W Þ; second, h has the normal derivative measure Ãdh = 0 on R; third, Ãdh ¼ 0 on R n K; fourth and lastly, h ¼ 1 quasieverywhere on K.
PROOF. If h ¼ c K , then, by Theorem 19, we can see that h satisfies the four conditions stated in the theorem. Therefore we only have to show that a function h on W coincides with c K if h satisfies the four conditions in the theorem. Hence, on setting p ¼ h À c K , we are to show that p 0 on R. We also denote by q either h or c K so that q also satisfies the four conditions in the theorem. Consider the set F of points in K such that pðÞ 6 ¼ 0, or equivalently jpðÞj 6 ¼ 0. Since F is covered by the union of two sets F q ðq ¼ h; c K Þ, where F q :¼ f 2 K : qðÞ 6 ¼ 1g. By the assumption that capðF q Þ ¼ 0, we see that
i.e. F is of capacity zero. For each n 2 N we set F n :¼ f 2 K : jpðÞj = 1=ng, which is a compact subset of the compact set K since jpj 2 CðRÞ & CðKÞ. Clearly F n & F , and, for any 2 F , we can find an n 2 N with 2 F n so that
For each n 2 N , we see that capðF n Þ ¼ 0 along with capðF Þ ¼ 0. i.e. Dðp; W Þ ¼ 0 and with pj@W ¼ 0 we can conclude that p 0 on W , which was to be proved. Ã
There are many applications of the main theorem 26 (or the theorem 19) expected, among which we state here the following simple and direct one concerning the harmonic measure and the capacity on R. The harmonic measure hm (hm 0 , resp.) on R supported by R relative to ðR; aÞ (ðW ; aÞ, resp.), a being a reference point in R (W , resp.), is a Borel measure on R such that ðcapðK n ÞÞ n2N is a zero sequence, then ðhmðK n ÞÞ n2N is also a zero sequence, N being the set of positive integers, and then one might wish to know the relation between speeds of convergence of these two zero sequences above. The following inequality contributes to this question. which implies (32) with :¼ cBða; a; W Þ 1=2 . Ã
